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Abstract: For a spin-1/2 particle moving in a background magnetic field in noncommutative 
phase space, Dirac equation is solved when the particle is allowed to move off the plane that the 
magnetic field is perpendicular to. It is shown that the motion of the charged particle along the 
magnetic field has the effect to increase the magnetic field. In the classical limit, matrix 
elements of the velocity operator related to the probability give a clear physical picture: Along 
an effective magnetic field the mechanical momentum is conserved and the motion 
perpendicular to the effective magnetic field follows a round orbit. If using the velocity operator 
defined by the coordinate operators, the motion becomes complicated.  
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1  Introduction 
To resolve the problem of infinite energies in quantum field theory, the idea of space-time 
non-commutativity was proposed [1]. Discoveries in string theory and M-theory that effects of 
noncommutative(NC) spaces may appear near the string scale and at higher energies [2-4] greatly 
motivate the studies in these areas. Recently, a lot of problems have been investigated on the 
theory of NC spaces [5-25] such as the quantum Hall effects [5-9], the harmonic oscillator [10-14], 
the coherent states [15], the thermodynamics [16], the classical-quantum relationship [17], the 
motion of the spin-1/2 particle under a uniform magnetic field [18], various kinds of relativistic 
oscillators [19, 20, 23, 24], etc. In [18], the particle is confined to the plane the applied magnetic 
field is perpendicular to. Here in this article, we discuss the case that the particle is allowed to 
move off the plane. 
In the next section, we derive the energy spectrum and wave functions in 3D NC phase space. It 
is shown that the NC 3D phase space induces an effective magnetic field in a new direction. 
Matrix elements of velocity and momentum operators give solutions to the semiclassical equations 
of motion. The final section is the summary.  
     
2  Three-dimensional motion 
 Without the loss of generality, we assume that the magnetic field is along the z-axis. In the 
symmetry gauge, components of the vector potential in 3D space have the form  
, where 1 2 3ˆ ˆ ˆ( , , )A A A  0 2 0 1ˆ ˆ( / 2, / 2,B x B x 0) 0B  is the field strength. For a charged spin-1/2 
particle moving in this background magnetic field, the Hamiltonian reads 
2
3 1 1 2 2 3 3
ˆ ˆ ˆ ˆ(DH c p p p mc      )
                                                       
                       (1) 
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where  and 1 1 0 2 2 2 0 1ˆ ˆˆ ˆ ˆ/ 2, / 2p P qB x p P qB x    ˆ 33 ˆpˆ P  are the mechanical momentum 
operators with  being the canonical momentum operators. From here on, small 1 2 3ˆ ˆ ˆ( , , )P P P ˆ jp  
represents the mechanical momentum operators, while the capital ( 1j , 2, 3) ˆjP   
stands for the canonical momentum operators. As the component 
( 1,j 2, 3)
3Aˆ  of the vector potential is 
zero, the mechanical and canonical momentum operators along the magnetic field are the same, 
which means 3 3ˆpˆ P . The matrices j ( 1, 2j , 3 ) and   in (1) have the forms 
 
0 0
,
0 0
j
j
j
I
I
 
           
                          (2) 
with j  being the  Pauli matrices and 2 2 I  the identity matrix. In commutative spaces, 
there are the commutation relations 1 3 2 3ˆ ˆ[ , ] , ] 0p p pˆ ˆ[ p   and so the operator 3pˆ  commutes 
with the Hamiltonian. In another word, the momentum along the z-axis is conserved. In this case, 
the 3D problem is a trivial extension of the 2D system. However, in 3D NC phase space, the 
momentum operator 3pˆ doesn’t commute with the Hamiltonian and is thus not conserved.  
In NC phase space, the coordinate and momentum operators obey the commutation relations 
1 2 2 3 3 1
1 2 2 3 3 1 0
1 1 2 2 3 3
ˆ ˆ ˆ ˆ ˆ ˆ[ , ] [ , ] [ , ] i
ˆ ˆ ˆ ˆ ˆ ˆ[ , ] i , [ , ] [ , ] i
ˆ ˆ ˆˆ ˆ ˆ, , , i
x x x x x x
P P P P P P
x P x P x P

 
  
 
             
                         (3) 
with  ,   and 0  being the NC parameters. To show clearly the NC effects between 
 and , the two parameters 1ˆ( ,P P2ˆ ) 3ˆP   and 0  are written in different symbols. However,   
and 0  can be equal numerically. The Heisenberg equations of motion for the mechanical 
momentum operators are 
1
2 3
2
1 3
3
1 2
ˆ ˆ ˆ
ˆ ˆ ˆ
ˆ ˆ ˆ
  
  
  
 
  
 
e
e
e
dp m ma
dt
dp m m
dt
dp m ma
dt
0
0
0
a                      (4) 
where ˆ j jc ( 1, 2, 3j ) and 
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2 2
0 0 0 0/( ), / / /(4 )       ea m qB m q B                           (5) 
The three equations in (4) can be rewritten in the vector form as 
ˆ ˆ  
 dp q B
dt
                              (6) 
where 
2 2
0 3 0 0
3
0 0 0
/ , 2 ,
(sin ,sin , 2 cos ) / 2
sin 2 / , cos /
 

  
  
    
 

 
 

e
e
B m n q a
n
a
                     (7) 
Clearly, Equation (6) describes a charged particle moving in a effective magnetic field B

. The 
mechanical momentum operator is 
ˆp  and the velocity operator is ˆ  c . The unit vector 
3
n  is along the effective magnetic field. From (5, 7), we know that the motion along the 
magnetic field or the parameter 0  increases the effective magnetic field through . 0a
Time derivative of the coordinate operator gives another velocity operator 1 2 3ˆ ˆ ˆ ˆ( , , )u u u u , the 
components of which are 
01
1 1 1
02
2 2 2
3 0 0
3 1 1
ˆ 1 ˆˆ ˆ( ) [ , ] 1
i 2
ˆ 1 ˆˆ ˆ( ) [ , ] 1
i 2
ˆˆ ( )
2 2

3

   
      
     
    
 
 
 
qBdxu t x H c
dt
qBdxu t x H c
dt
dx qB qBu t c c c
dt
                 (8) 
In case of 0  , this velocity operator uˆ  reduces to c . We see that the velocity operator 
defined by the time derivative of the coordinates and that from the Heisenberg Equation (6) are not 
the same. Next we give a further analysis about the velocity operator from the point of view of 
probability. Using the Dirac equation ˆ i /H  t     and its Hermitian conjugate, one derives 
the equation 
† †1 ˆ ˆ[( ) ] 0
i
          
  
 P c c Pt                            (9) 
where †  
i 
, which can be considered as the probability density without ambiguity. In 
commutative case and in the coordinate representation, the canonical momentum operator is 
 and its complex conjugate is ˆ  P ˆ i   P . Now, Equation (9) becomes the law of 
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probability conservation 
0  

J
t
                           (10) 
where †J c    is the probability current density. In noncommutative case, the situation 
becomes complicated. To see the meaning of Equation (9), we make a commutative realization of 
the noncommutative coordinate and momentum operators 
1 1 2 2 2 3 3 3ˆ ˆ ˆ( ), ( ), ( 1)         x x P x x P x x P                 (11a) 
1 1 2 2 2 3 3 3 1
ˆ ˆ ˆ/ , / , /       P P x P P x P P x                    (11b) 
where 
2(1 1 4 / ) / 2, /( )2                              (12) 
In deriving (11a,b), the relation 0   has been used for mathematical simplicity. The 
quantities jx  and jP   in (11a, b) are the coordinate and momentum operators in 
commutative spaces. Using (11b) and the realization 
( 1, 2j , 3)
i   P
†J
, it is found that Equation (9) can 
still be written as (10). The current still has the form c   . So, c  can be considered 
as a velocity operator related to the probability. The velocity operator uˆ  doesn’t have this 
meaning. From the definition (8), we can see that the velocity operator uˆ  changes with the 
potential in the Hamiltonian. 
The mechanical momentum operator along the effective magnetic field is 
3 3 1 2 3
ˆˆ ˆ ˆ(1/ 2)( )sin cosp n p p p p  ˆ                            (13) 
The plane perpendicular to this effective magnetic field is spanned by the two orthogonal unit 
vectors 1 (1, 1,0) / 2n     and 2 (cos ,cos , 2 sin ) / 2n      , which are orthogonal 
to the effective magnetic field. The mechanical momentum operators along these two directions 
are 
1 1 1 2
2 2 1 2 3
ˆˆ ˆ ˆ( ) / 2
ˆˆ ˆ ˆ ˆcos ( ) / 2 sin
 
   
   
    
 
 
p n p p p
p n p p p p
                  (14) 
It is not difficult to show the following commutation relations 
1 2 0
1 3 2 3
ˆ ˆ[ , ] i
ˆ ˆ ˆ ˆ[ , ] [ , ]
p p m
p p p p
 
    0

 

                                  (15) 
Defining j jn     ( ), it is found that 1, 2, 3j  pˆ     1 1 2 2 3 3ˆ ˆ ˆ        p p p . 
 4
Submitted to 'Chinese Physics C' 
From this result and the commutations (15), we get 3 ˆˆ[ , ]p H 0 , which means the momentum 
along the effective magnetic field is conserved, which is similar to the commutative case. Using 
ˆ jp , Equations (4) or (6) are rewritten as 
1 2 3
2
ˆ ˆˆ ˆ, 0     dp dpq B qdt dt 1
ˆ
,  dpB dt                      (16) 
where ˆˆ     j jn . One sees that 3ˆ p  is constant. Writing the eigenstates of 3pˆ   as   or 
3pˆ     , the eigenvalue   is real as 3pˆ   is Hermitian. As the motion along the 
effective magnetic field is clear, next we focus on the motion perpendicular to the effective 
magnetic field or we consider the case 0  . 
Writing the wave function as  
 
1
2
i( ) exp ,t Et
   
           
                              (17) 
the stationary Dirac equation 3ˆ DH E   becomes 
2
1 2
ˆmc pc E 1                                   (18) 
2
1 2pˆc mc E 2                                   (19) 
From (19), we have 
2 2
pˆc
E mc

1  
 
                            (20) 
Substituting (20) into (18), after some calculations we get 
2 2 2 4 2 2
3 0 1 1
ˆ[ ]p c m c n mc E                                  (21) 
To solve Equation (21), we notice that 3n     commutes with 2pˆ  and the function 1  can 
be written as 1    with 
3n                                               (22) 
2 2 2 2 4 2 2
1 2 0ˆ ˆ[( ) ]       p p c m c mc E                  (23) 
It is easy to see that  and so the eigenvalues23( )n     1 1   . The operators in (11) can be 
rewritten in the form 
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1 1 0 2
2 2 0 1
ˆ ˆˆ / 2
ˆ ˆˆ / 2
  
  
 
 
p P qB X
p P qB X
                      (24) 
where 
1 1 2 1 1 2
2 1 2 3 2 1 2
ˆ ˆ ˆ ˆ ˆ ˆ( ) / 2, ( ) cos / 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) cos / 2 sin , ( ) /
 
 

 
   
    
P P P X x x
P P P P X x x 2
                (25) 
which satisfy the following commutation relations 
1 2 2 1
1 2
1 2
1 1 2 2
ˆ ˆ ˆ ˆ[ , ] [ , ] 0
ˆ ˆ[ , ] i cos i
ˆ ˆ[ , ] i (cos 2 sin ) i
ˆ ˆ ˆ ˆ, , i cos
   
 
 
   
  
i
  

 
 
  
         
e
e
e
X P X P
X X
P P
X P X P


                (26) 
Defining 
†1 2 1 2
0 0
ˆ ˆ ˆi iˆ ˆ,
2 2
ˆp p pA A
m m
p   
 
                        (27) 
Equation (23) becomes 
2
0[2mc  † 2 4 20ˆ ˆ( 1/ 2) ] 2    A A m c mc E        (28) 
The operators (27) obey , which means that the eigenvalues of †ˆ ˆ[ , ] 1A A  †ˆ ˆA A  are integers 
†ˆ ˆ
AA A n n n A                          (29) 
where the integer  takes the values . Using the ground state n 0,1, 2, 3, 0 A  defined by 
ˆ 0 AA  0 , any state An  can be written as †ˆ( ) 0 /nA An A !n . Replacing   by 
An  in (28), we get the energy spectrum  
2 2 4
0 02 ( 1/ 2)     n 2E mc n m c mc          (30) 
In quantum field theory, the negative energy corresponds to the antiparticle. 
  For the motion on the plane, the state can’t be described by An  completely. For a 2D 
problem, we usually need two quantum numbers to describe the states of the system. Define two 
new operators 
1 1 2 2 2
ˆ ˆ ˆ ˆˆ ˆ, 1       q P X q P X 
/ 2)
                      (31) 
When 0 0( / 2) /(    e e e eqB qB  , the operators (31) commute with ( 1 2ˆ ˆ, p p ). 
Using the operators (28), one can construct a new Hermitian operator such as 
2 1 2 1ˆ ˆ ˆ( i )( i )ˆ     q q q q . We write the eigenstates of the new Hermitian operator as Bk , the 
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wave function for the motion on the plane perpendicular to the effective magnetic field is finally 
 ( ) exp( i / )   n k nA Bt n k E t                      (32) 
In the classical limit or the large quantum number limit (which is the Bohr’s correspondence 
principle), q-numbers become c-numbers. Or, the momentum operators 1 2 3ˆ ˆ ˆ, ,  p p p  in (16) 
become classical momenta 1 2 3, ,  p p p . In commutative quantum mechanics, it is known that 
the sum of the possible matrix elements gives solutions to the classical equations [26-29] in the 
classical limit. Here we show that such conclusions can be applied to the noncommutative spaces. 
Define the sum of the possible matrix elements 
0 0
ˆ( ) ( ) ( ) , ( ) ( ) ( )        
 
 
  j l k j n k j l k j n
l l
t t c t p t t p k t       (33) 
As the positive and negative energies correspond to the particle and antiparticle states respectively, 
we calculate the quantities for the positive energy or the particle state. In this case, the matrix 
elements 1 1,2 1ˆl k n kp     are nonzero only when 1l n  (This fact can be obtained by 
using the inverse form of formulas (24)). Through some lengthy calculations, we have 
1 1
0
2 2
1 1
1 1, 1 1,2 2
1,
2 2
1 1
1 1, 1 1,2 2
1,
( ) ( ) ( )
iexp ( )
iexp ( )
l k n k
l
n k n k n n
n n
n k n k n n
n n
t t c t n
pc p c E E
E mc E mc
pc p c E E
E mc E mc
   
  
 
  
 
   
    
    


 

 

 
   t
t
 
 
          
       
 


   

   

  
2
1 1, 1 1
1,2
2
1
1 1, 1 1,2
2
i i
1 1, 1 1 1 1, 1 12
2
0
2
2 iexp ( )
2 iexp ( )
2
2
[ 1exp(i ) exp( i
n k n k
n n
n
n k n k n n
n
t t
n k n k n k n k
n
n
p c
E E t
E mc
p c E E t
E mc
c p e p e
E mc
c mc n
n t n
E mc
  
 

   

 
     


 
 
   
  


 

 
   
     
     
 
   



2
0
2
)]
2 2
cos( )
c
t
c mc n
t
E mc
  
      (34a) 
2
0
2 2 2
0
2 2
( ) ( ) ( ) sin( )l k n k
l c
c mc
t t c t n
E mc   

t   

   
                (34b) 
In the derivations, the following relations are used. In the large quantum number limit 
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2 2 4
02n cE mc n m c E                                   (35a) 
2
1, 1,
0( 1) ( )
n n n n n
c
E E E E E mc
n n n E
                                 (35b) 
2
1, 0( ) / /n n cE E mc E        
2
                          (35c) 
From (34), we see that 21 2  
2
1
 is really a constant. The forms (34) describe a round orbit. For 
the velocity operators (8), 22 uu  is not a constant. In another word, the velocity operators 
defined by the time derivative of the coordinates don’t give a clear physical picture. By some 
calculations, we also get  
0 0
1 22 2
2 2 2 2
( ) cos( ), ( ) sin( ) 
    
 c c
c c
E m E m
p t t p t
E mc E mc
t             (36) 
There are the relations 2( ) ( ) /j c jp t E t c  , which agrees with the ones in special relativity. 
One can check (34, 36) are the solutions to the classical equations corresponding to (6) or (16). In 
relativistic quantum mechanics, the eigenvalues of the velocity operator are not the actual velocity 
of the particle. Quantum matrix elements in the classical limit provide the desired results. 
 
3  Summary 
   Starting from the Dirac equation, the motion of a charged spin-1/2 particle in a background 
magnetic field is studied in 3D NC phase space. The motion of the particle off the plane that the 
magnetic field is perpendicular to tends to increase the effective magnetic field. The matrix 
elements of velocity operators from the probability give classical solutions. The velocity operators 
defined by the coordinate operators are quite different from those related to the probability current.  
Finally, let us analyze the effects of the noncommutativity. From (30), there is a relation 
between the squared energies of the two states 1n  and n  
2 2
1,
022
    
n nE E
mc
                           (37) 
On the noncommutative parameters, there are actually no specific results. From the free fall in a 
uniform gravitational field, it is said that [30]. In [31], it is pointed out that the 
bounds for the noncommutative parameters are 
13 210 m 
40 2 61 2 2 24 10 m , 1.76 10 kg m s      

                           (38) 
The appearance of such a situation is due to the fact that the present experimental techniques are 
difficult to detect the values of the noncommutative parameters through a direct way. Using the 
values , for the electron we have 40 2 61 2 2 24 10 m , 1.76 10 kg m s     
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2 2 2 2
1, 0 0
2
11 4 14 2
42
(1.76 10 )Hz (2 10 1.3 10 )Hz
n n
e
E E qB q B
m m mmc
b b
  

    
      
                    (39) 
where  is a constant. The value of  is equal to the magnitude of the magnetic field b b 0B  
when 0B  i
the el ic charge he Planck constan
s measured in unit of Tesla. In deriving (39), the electronic mass 319.11 10 kg m , 
 191.6 10 C  q  and t t 341.05 10 J sectron     have 
term on the right hand side of the equality is the frequency 0 /qB m  when 
the noncom e parameters are zero. The terms in the bracket are the modification due to the 
noncommu commutativity needs super high energies, which demands that the quantum 
number n  is large and the magnetic field is super strong. For a super strong magnetic field on 
the surface of neutron stars 910B Tesla [32], the absolute value of the modification induced 
by the noncommutativity is measurable. However, it is very mpared to the first term. So, 
to detect the noncommutative effects directly needs extremely high precision.  
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